Abstract. Though there have been many efforts to make the inverse problem of damage identification small by reducing its finite element degrees-of-freedom, there have been few efforts to make it small by reducing its spatial domain of problem. Thus, as the extension of the author's previous work in which the damage identification algorithm was formulated from the dynamic stiffness equation of motion, the present study introduces a spectral element model (SEM)-based reduced-domain method (RDM) of damage identification. In the present RDM, a three-steps process is used to reduce the domain of problem by iteratively searching out and removing damage-free parts of structure in the course of the damage identification analysis. To validate the present RDM, numerically simulated damage identification tests are conducted. The experimental tests for a damaged cantilevered beam specimen show that the present RDM can fairly well locates and quantifies all local damages (i.e., slots) placed along the beam specimen.
Introduction
Since the first attempts by Thompson [1] and Kirmsher [2] to quantify the local structural damages, the structural damage identification (i.e., detection, location and quantification) has been an active research area. The structural damages generated within a structure may lead to the changes in the dynamic characteristics of the structure such as the vibration response, natural frequency, mode shape and the modal damping. Thus, the changes in dynamic characteristics of a structure in turn can be used to identify the structural damages within the structure. In the literature, there have been appeared a variety of structural damage identification methods (SDIM) and the extensive reviews on the subject can be found in the references [3] [4] [5] [6] . An intensive literature survey shows that the finite element models have been widely used in most structure-model based-SDIM including the finite element model (FEM)-update methods (e.g. [7] [8] [9] ) and the experimental-data-based methods (e.g. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] ).
In FEM-update methods, it is assumed that an FEM of a structure is available and the parameters of the stiffness and mass matrices can be updated to match with the experimental modal analysis model. The parameter changes of the stiffness and mass matrices between the intact state and damaged state are the used to detect, locate and quantify the structural damage. However, because the degrees-of-freedom (DOF) of FEM are in general much larger than those of the experimental modal analysis model, it is inevitable to reduce the DOF of FEM. Reducing the DOF of FEM may results in the loss of physical interpretability along with the stiffness diffusion phenomena that may provide fault damage identification. Thus, as the alternatives to the FEMupdate methods, the experimental-data-based methods have been proposed in the literature.
The experimental-data-based SDIM derived from FEM eigenvalue problems can be classified into several groups depending on what experimental data are used to detect, locate, and quantify structural damages. They include the natural frequencies [10] [11] [12] [13] [14] , mode shapes or mode shape curvatures [15, 16] , transfer function parameters [17] , flexibility matrix [18] , residual forces [19, 20] , substructural flexibilities [21] and FRF data [22] [23] [24] [25] . It has been well recognized that the FRFdata offer certain advantages over modal data, because the modal extraction process is not required. Furthermore, the FRF data may provide more information on the structural damage by including the higher vibration modes that are not in frequency range of measurement.
For the reliable damage identification, a sufficiently accurate structure-model should be used. However, as a drawback of FEM, it has been well recognized that very fine meshes should be used to obtain satisfactory high frequency dynamic responses. This will increase the DOF to render the FEM-based SDIM not practical for real time damage identification. Thus, to improve the accuracy of structure model and also to make use of the inherent advantages of FRF-data over the modal data, Park et al. [24] used the spectral element bar model and FRF-data to locate the damages within a free-free bar, and Lee and Shin [25] proposed a spectral element model (SEM)-based SDIM in a general form, in which the measured FRF-data can be used, and then applied it to a beam structure. Because the spectral element matrices (which are often called the exact dynamic stiffness matrices) formulated from the exact dynamic (i.e., frequency-dependent) shape functions are used in SEM, only one finite element is enough for a uniform structure element, regardless of its dimensions, to obtain exact dynamic characteristics of the structure element [26, 27] . Accordingly this may reduce drastically the number of DOF to be manipulated in the damage identification analysis.
Because the structural damage identification is the inverse problem, it is desirable to reduce the DOF of FEM for easy and efficient manipulation of the finite element models, without significantly degrading the damage identification results. In the literature, various techniques have been used to reduce the DOF of FEM. They include the Guyan reduction technique [27, 28] , the dynamic condensation technique [29] , and the improved reduced system (IRS) [30] . As the severe structural damages are localized at a few small areas in fact, rather than spread wide over whole structure, one doesn't need to examine whole (spatial) domain of structure for damage. Thus, in addition to the efforts to reduce the DOF of FEM or as the alternatives to the efforts, it is desirable to reduce the domain of structure to be examined by removing the parts of structure where the probability of damage is extremely low.
Thus, the purposes of the present study are to apply a concept of reduced-domain method (RDM) to the SEM-based damage identification theory that was derived in the author's previous work [25] , and then to verify the reduced-domain method experimentally as well as numerically, by applying it to a beam structure.
Development of reduced-domain method

Damage identification algorithm
By following the well-defined spectral element formulation procedure [26, 27] , the forced vibration of a structure system can be represented by
where ω is the circular frequency. The frequencydependent matrix [S] represents the spectral system matrix (or the exact dynamic stiffness matrix) of the structure system. The vectors {U} and {P} represent the spectral components of nodal degrees-of-freedom vector (simply, nodal DOF) and those of externally applied nodal forces vector (simply, nodal forces), respectively. The quantities with over-bar (−) represent the quantities in the damaged state.
The matrix [S] is considered as the known quantity because it will be so determined that Eq. (1a) represents the refined structure model for the intact structure. The vector {U} is also considered as the known quantity because it will be measured directly from the damaged structure. However, the matrix [S] is the unknown quantity because it should depend on the not-yet-known current damage state. The matrix [S] can be represented by
where [∆S] is the perturbed spectral system matrix generated by the presence of damage. Applying Eq. (2) into Eq. (1) gives
Now express the matrices and vectors in Eq. (3) in the partitioned forms as 
where [I] denotes the identity matrix. By representing the master nodal DOF vector {U m } in Eq. (5) in terms of the inertance FRF vector {A m }, Eq. (5) can be rewritten as
where {δ} is the nodal forces locator vector having a unit value only at the component corresponding to the node at which a harmonic point force is applied, and the components of the inertance FRF vector {A m } are defined by the ratio of the acceleration to the applied force as [32] 
where M is the number of 'master' nodal DOF.
The spectral system matrix [S] for the complete intact structure system can be obtained by assembling all spectral element matrices as
where N is the number of finite elements and 
where
are the finite element stiffness and mass matrices, respectively. In the similar sense, the perturbed spectral system matrix [∆S] can be obtained from
where [∆s k ] is the perturbed spectral element matrix for the k-th element.
In the previous work [23] , the presence of damage was represented by the degradation of Young's modulus as E = E(1 − D), where E and E are the Young's moduli for the intact and damaged states, respectively, and D is damage magnitude, and showed that the perturbed spectral element matrix [∆s k ] can be approximated as
where D k is 'effective' damage magnitude assumed to be uniform over the k-th finite element, and [k k ] is the conventional finite element stiffness matrix for the k-th element. By using Eqs (9) and (11), Eq. (7) can be rewritten in the form [25] 
where 
One may note from Eq. (13) (13) for {D} implies the structural damage identification. Equation (13) represents M linear algebraic equations (for a specific excitation frequency ω) in N unknown damage magnitudes D k . Note M is equal to the number of 'master' nodal DOF while N is equal to the number of finite elements to be examined for unknown damage magnitudes D k . In general N > M, because the number of measured nodal DOF is very limited in practice while a huge number of very fine finite elements should be used to search for unknown local damages. Thus, as a strategy to make the damage identification problem of Eq. (13) well-posed, one can properly vary the excitation frequency ω and collect more equations from Eq. (13) to form a (N by N ) matrix equation as [25] [
Note that Eq. (16) 
Reduced-domain method
If only n finite elements among total N finite elements are damaged, in other words, if D n+1 = D n+2 = . . . = D N = 0, the summation in Eq. (11) needs to be carried out only for the n damaged finite elements as (18) while the summation in Eq. (9) should be carried out for all N finite elements. Accordingly the dimension of the matrix Eq. (16) can be reduced as follows:
Step 1st
Step 2nd
Step 3rd
Step Random Noise in FRF Predicted Damage Magnitudes 4.2E-3 3.4E-3 7.4E-3 3.0E-2 2.1E-1 2.8E-2 5.9E-3 3.6E-3 3.1E-3
1.5E-2 9.6E-3 9.8E-3 2.6E-2 2.1E-1 3.2E-2 1.8E-2 9.4E-3 1.2E-2 1.5E-2 2.0E-2 1.9E-2 6.0E-2 1.8E-1 4.3E-2 1.8E-2 2.6E-2 2.1E-2 1.6E-2 1.1E-2 2.0E-2 5.6E-2 2.4E-1 3.7E-2 8.3E-3 1.6E-2 1.7E-2 3.4E-2 1.8E-2 2.9E-2 3.7E-2 2.1E-1 1.4E-2 1.5E-2 1.2E-2 3.8E-2 Equation (19) implies that, by removing damage-free parts of structure from the initial domain of problem, the size of the inverse problem of damage identification can be reduced drastically without degrading the accuracy of damage identification results at all. Thus, instead of examining whole domain of problem to search out damage (i.e., full-domain method; FDM), it is desirable first to reduce the domain of problem in advance by removing damage-free parts of structure and then to examine only the reduced domain of problem (i.e., reduced-domain method; RDM). To realize this idea of RDM, the locations and sizes of the damage-free parts of structure should be known in advance. However, unfortunately this is not true for most practical cases. Thus, a special methodology is required to search out surely damage-free parts of structure during the process of damage identification analysis.
In the previous study [25] , it was numerically and experimentally shown that the damage magnitudes predicted in the finite elements containing damage inside become larger and larger, converging to the true damage values, as the total number of finite elements, N , is gradually increased by dividing the finite elements used in the previous analysis into the finer finite elements, while those predicted in the truly intact finite elements become smaller and smaller, converging to zero. The result seems to be natural as far as the structure model and the vibration data used for damage identification are sufficiently accurate and reliable. Motivated from the above observations, this study proposes a three-steps process to realize the idea of RDM, which is conceptually illustrated in Fig. 1. 1. The first step (Fig. 1a) : Divide the domain of problem into q finite elements and make the first damage prediction for the q finite elements by using Eq. By the iterative use of the present three-steps process of RDM, surely damage-free parts can be searched out and removed every iteration from the initial domain of problem to leave only damaged parts: this implies the location of damages. During the iterative process of RDM, the damage magnitudes can be quantified simultaneously from Eq. (19) . As mentioned previously, however the present RDM becomes valid only when the above three-steps process can be successfully applied. Numerically simulated damage identification tests conducted in the present study show that the three-steps process works fairly well as far as the noises in FRFdata can be lowered below a certain level, which can be readily satisfied by most well-prepared vibration tests.
Numerical and experimental tests
Numerical test of the three-steps process
For successful application of the present RDM, the proposed three-steps process should work correctly. However, the validity of the three-steps process may depend on the accuracy of the structure model and the measured vibration data (i.e., FRF-data) used for damage identification. Thus, by assuming that the structure model used for damage identification is the refined structure model so that it is accurate enough, the validity of the three-step process will be tested numerically by varying the level of the noise in the measured FRFdata. As an illustrative example, a simply supported damaged beam is considered. As shown in the top of Fig. 2 , the beam has the length L = 1.2 m, bending stiffness EI = 11.2 N-m 2 , and the mass density per length ρA = 0.324 kg/m. A damage of effective magnitude D = 0.5, uniformly distributed over the length 0.044 m, is pre-specified at the center of the beam (see top of Fig. 2) . The damage is then inversely identified by the full-domain method at the first two steps of the three-steps process. The example beam is modeled by the spectral Bernoulli-Euler beam element matrix given in Appendix. To represent the measurement noise in measured FRF-data, the random noise generated by the random noise generator function in MATLAB is added to the theoretically computed FRF, as done by Thyagarajan et al. [23] . Figure 2 shows the damage identification results at the first two steps of the three-steps process, followed by the judgment at the last (i.e., third) step, obtained by varying the level of the noise in FRF-data. As shown in Fig. 2 , the example beam is divided into total three finite elements at the first step. At the second step, the three finite elements used at the first step are then divided into three sub-elements to make total nine finite elements. When there exists no noise in the measured FRF-data (i.e., zero random noise), the damage magnitude in the middle finite element containing damage inside is predicted larger at the second step than at the first step, while the damage magnitudes in the other intact finite elements are predicted smaller at the second step than at the first step. Figure 2 shows that this is true up to about 9% noises in FRF-data. In other words, the three-steps process works correctly for the present example problem up to about 9% noises in measured FRF-data. For the successful applications of the present three-steps-process-based RDM, the noise in the true measured FRF-data should be minimized as low as possible, probably less than about 5%, which can be met by most well-prepared vibration tests. As an additional effort to improve the reliability of the present three-steps process, one may repeat the first two steps several times by using further finer finite elements. 
Numerical test of the reduced-domain method
The numerical feasibility tests for the present RDM are conducted for a cantilevered Euler-Bernoulli beam. As shown in Fig. 3 , the beam has the length L = 0.4 m, bending stiffness EI = 14.6 N-m 2 , and the mass density per length ρA = 0.275 kg/m. The spectral Bernoulli-Euler beam element model given in Appendix is used. For the feasibility tests, three local damages are pre-specified along the beam, as shown in Fig. 3 , and then inversely identified by applying the present RDM. The three local damages have the magnitudes D 1 = 0.4, D 2 = 0.5, and D 3 = 0.3. In  Fig. 3 , the circle ( ) indicates the location of the applied harmonic point force (i.e., x = 0.133 m) and the crosses (×) indicate the FRF measurement points (i.e., x = 0.133, 0.267, and 0.356 m). Figure 4 is given to show the detailed procedure of the present RDM, in which the three-steps process is applied every iteration, without considering the noise in the measured FRF-data. In the first iteration, as shown in Fig. 4 , the beam is divided into nine (equal) finite elements at the first step, and then into 27 finite elements at the second step. Because the FRF-data are measured at three points (see Fig. 3 ), three excitation frequencies are used at the first step to obtain total nine equations for the nine finite elements model, while nine excitation frequencies are used at the second step to obtain total 27 equations for the 27 finite elements model. The excitation frequencies are chosen in the low frequency range for the better damage identification, based on the discussion in the previous work [25] . In the third step, by comparing the damage magnitudes predicted at the first and second steps, the sub-elements in which the predicted damage becomes larger at the second step are indicated by the plus (+) sign, whereas the other sub-elements are indicated by the minus (−) sign. In this study, as shown in Fig. 4 , the accuracy of the predicted damage distribution along the beam with respect to the true damage distribution is represented by the damage identification error (DIE) defined by
where L is the total length of beam and D j is the damage magnitude in the jth finite element of length l j . The superscripts "True" and "Pred" denote the true and predicted damages, respectively. The smaller DIE, the more accurate damage identification. Figure 4 shows that, in the first iteration, the damage magnitudes in the truly damaged finite elements are indeed predicted larger at the second step, whereas those in the truly intact finite elements are predicted smaller. Thus, in the third step, only the 5th, 14th, and 23rd finite elements are marked by the plus sign, whereas the other finite elements are marked by the minus sign. In the first step of the second iteration, the finite elements marked by the minus signs are all removed from the domain of problem by setting D = 0, and only the remaining three finite elements marked by the plus signs are examined for damage. In the next step, the three finite elements are divided into three finer sub-elements to make total nine finite elements. By comparing the damage prediction for the three finite elements at the first step with that for the nine sub-elements at the second step, one may see that the damage is predicted larger only in the three centered sub-elements marked by the plus sign. Figure 4 clearly shows that, if no noise exists in the measured FRF-data, the present RDM can locate and quantify all local damages very accurate. ulations conducted for each level of noise in FRF-data, which is increased up to 12%. As expected, increasing the level of noise in FRF-data indeed degrades the accuracy of damage identification. For the present example problem, the RDM is found to fairly well locate and quantify all pre-specified local damages up to about 9% noise in FRF-data. Fig. 6 . The depths of the slot A, slot B, and slot C are so determined that the corresponding effective damages become 0.4, 0.5, and 0.3, respectively. Thus, the damaged beam specimen may represent the numerical example problem considered in the previous section (see Fig. 3 ). To excite the damaged beam specimen, an impulse point force is applied at x = 0.133 m (point 1) by the shaker B&K 4810. As shown in Fig. 7 , the (inertance) FRF curves are measured at three points x = 0.133 m (point 1), 0.267 m (point 2), and 0.356 m (point 3) by using the accelerometer B&K 4374 and signal analyzer HP 35670A. The FRF mesurement is repeated many times until the FRF-data showing a very satisfactory coherence [32] is measured. The result is shown in Fig. 7 . Figure 8 shows the damage identification results obtained by the present RDM, using the experimentally measured FRF-data shown in Fig. 7 . As well proved by the previous numerical feasibility tests, the present results also show that the present RDM can fairly well locate and quantify all damages, i.e., the three slots. The discrepancies between the predicted damage distribution and the true damage distribution may be mostly due to the noise in measured FRF-data and the error in the structure model. Comparing Figs 5 and 8, one may observe that the damage distribution predicted by using the real measured FRF-data is quite similar to that predicted by using the analytically simulated FRF-data, considering about 7% to 9% random noises.
Experimental tests
Conclusions
In the present study, a reduced-domain method is applied to a SEM-based structural damage identification theory developed in the author's previous work, and then its feasibility is tested experimentally as well as numerically. In the reduced-domain method, a threesteps process is used to reduce the domain of problem by iteratively searching out and removing damage-free parts of structure in the course of the damage identification analysis. Numerical tests show that, the reduceddomain method works quite well, for the example problem, up to about 9% noises in FRF-data. Experimental tests conducted for a damaged cantilevered beam also shows that the reduced-domain method fairly well locates and quantifies all local damages (i.e., three slots). However, for the successful application of the present reduced-domain method to the practical problems, the level of the noise in measured FRF-data should be lowered below a certain value, in general, depending on the size and strength of the damage.
